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For fixed hl, h2,h3, subject to h~ + h2 +h3 = 0, and uniformly distributed k, the conditional joint prob- 
ability distribution of the pair of phases ~0k#nx + k, given [E_h3 + kl, I Ekl, [Eh~ + k[ is found. If I + m + n + 
p = 0, this distribution leads, via a suitable sampling technique, to estimates having probabilistic validity for 
the cosine invariant cos (~0~ + ¢0m + ~0, + ~0p) in terms of the seven magnitudes lEd, I Eml, I E.I, I Ep[, I E~ +,, h 
[El+HI, IEl+pl. 

Introduction 

Explicit formulas for the cosine seminvariants cos ~0 
and cos (~01+~02), having exact validity under certain 
conditions, are now known for a number  of space 
groups, and the algebraic techniques for deriving 
similar formulas in most of the other space groups 
have been described (Hauptman & Karle, 1953; Weeks 
& Hauptman,  1970; Hauptman,  1972a, b). Both alge- 
braic and probabilistic methods are available for estim- 
ating the value of the cosine invariant cos (~pl + ~02 + ~03), 
and it is known for example that  the expected value of 
the latter is II(A)/Io(A) where I0,/1 are modified Bessel 
functions, A=(2/NI/2)IE1E2E31, and N is the number  
of  a toms,  assumed identical, in the unit cell. Thus the 
average value of cos @1 + ~2 + ~p3) is positive and tends 
to unity with increasing A; its reliability as an estimate 
of  the value of the cosine also increases with increasing 
A. Motivated by the Harker -Kasper  inequalities, 
Schenk and de Jong have recently made some semi- 
empirical observations and applications of  cosine 
quartets  cos (~0~ + ~0m + ~0n + ~%) of special type (Schenk 
& de Jong, 1973; Schenk, 1973a, b, 1974). The theory 
and estimation of the general cosine invariant, cos (C01 + 
~ 0 m - l " ~ n - ' ] - ~ p ) ,  subject to IE~+ml~-IE,+nl~-IEt+pl~O, 
has also been worked out (Hauptman,  1973, 1974). In 
the present paper the probabilistic theory of the general 
cosine invariant  cos (~o~ + ~0,, + ~0, + ~%) subject to no 
restrictive conditions is initiated. The theory leads to 
an estimate for the value of the cosine which, in marked 
contrast  to the estimate for cos (~0t + ~02+ ~P3), may  lie 
anywhere between - 1  and + 1. In particular, if B =  
(2/N)IEIEmE=Epl is sufficiently large and IEl+ml, 
IE,+nl, IE+~I are also large, then the estimate is positive 
and tends to unity with increasing IE~+ml, IEl+.l, 
lEt + p[. If, on the other hand, IE, + m[ ~ IE~ + ~1 ~ [El + p[ ----- 0, 
then the estimate is negative and tends to - 1  with 
increasing B. The latter result has been recently secured 
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t Part of this work was done while the author was a visiting 
fellow in Italy under the auspices of the Consiglio Nazionale 
delle Ricerche, March 15-May 15, 1973). 

(Hauptman,  1974) so that  both the methods and results 
described here may be regarded as generalizations of 
this earlier work. Since the values of the cosine in- 
variants, in particular those which are small or negative, 
are of great significance in direct methods of phase 
determination, it is anticipated that  the results obtained 
here will have important  application in the further 
development of these procedures. 

1.1. Intuitive background* 
Let l ,m,n,p, be fixed reciprocal vectors which satis- 

fy 
l + m + n + p = 0 ,  (1.1) 

and assume that  EII,IEmI, IE.I, [Epl are large. Fix the 
origin by means of 

~Ol=~0m=fa.=0 • (1.2) 

Suppose next that  IEl+ml, IEm+.l [= IEl+pl in view of 
(1.1)] and IE.+d are also large. Then it is well known 
that, under these conditions, 

~1 "q- 09m "-[- ~ -  1 -  m "~ 0 , 

~Om -~- ~On -'[- ~O _ m _ n "~' 0 , 

~On "~" ~01 -~ ~0 _ n - I "~' 0 , 

so that, in view of (1.2), 

~l+m --'&' ~gm + n ---~ ~0n + 1 ---~0 . 

(1.3) 
(1.4) 
(1.5) 

(1.6) 

It follows similarly, from (1.1), (1.2), (1.6) and the 
assumed conditions, that  

~01 + m -Jl- ~ n  "31-'~p ~ ~ p  ~--- 0 , 

qgm + n -~- (/91 ~t- ~0p '~J ~0p m- 0 , 

~ n  + ! -]- 09m -']- ~ p  ~--- ~ p  '~a 0 • 

(1.7) 

(1.8) 
(1.9) 

In short, with the origin fixed by means of (1.2), 

~op_~0 (1.10) 
or, from (1.2), 

~1 ~- ~gm q- ~gn -~- ~ p  ~ 0  . (1.11) 

* The argument presented here is a variant of one suggested 
by the referee, and due acknowledgement to the referee is 
made for his suggestion. 
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However, from (1.1), it follows that the left side of 
(1.11) is a structure invariant so that its value is inde- 
pendent of the choice of origin. In summary then, if 
JEll, [Eml, IE, I, [El, I, [El + ~[, [El +.[, [El + p[ are alllarge, the 
value of the cosine invariant cos (~  + rpm + ~p. + ~p) is 
probably positive. 

Clearly, however, the cosine invariants must occa- 
sionally be negative. In view of the previous argument, 
it is plausible to suppose that the cosine will be negative 
precisely in the circumstance that the hypotheses of the 
preceding paragraph are grossly violated, that is that 
each of [El+ml, ]E~+n[, ]El+pl is small. While this argu- 
ment is only heuristic and by no means a rigorous 
proof, it does serve to motivate the mathematical 
analysis which follows and throws some light on the 
more quantitative results given in the sequel. 

where 

+ RzR3IE~E3I cos (42- 43-~02-(p3) 

+R3RdE3GI cos (43--41--(/93--(J91)]} 

1 (R4+R~z+R~3+ 2 2 ~ 2 x 1 ..... 2~N 4R~R2 + 4R2R3 

+ 4RIR~- 12R~- 12R~- 12R] + 18)~, 
J 

(2.4) 

R~>0,  R2>_0, R3>0 ,  (2.5) 

1 2IE~E2E3[ 
A = l -  -K(IEd2+IE212+IE312)+ N3/2 

x cos 9~>_0, (2"6) 

2. For fixed h~ and h3, the joint conditional probability dis- 
tribution of the pair, ¢Pk, q~h~+k, given le le.I, 

Suppose that a crystal structure in the space group P 1 
and consisting of N identical point atoms in the unit 
cell is fixed, and let h~, h2,113 be fixed reciprocal vectors 
satisfying 

h l + h z + h 3 = 0  . (2.1) 

Introduce the usual abbreviations, 

Ej=Eh~,IEjI=IE~jI,coj=~Oh~, j =  1,2,3, (2.2) 

(P = (Pl + (P2 + (P3, (2.3) 

where ~0j is the phase of the normalized structure factor 
Ej. Suppose that the vector k is a random variable 
which is uniformly distributed over reciprocal space. 
Then E-ha+U, Ek, End+k, as functions of the primitive 
random variable k, are themselves random variables 
and the joint probability distribution, correct to terms 
of order l/N, of the respective magnitudes and phases 
[E-h3+k[, [Ekl, IEhl+kl,(P-h3+k,(/gk,(Phl+k is known to be 
(Tsoucaris, 1970; Hauptman, 1971, 1972b) 

P(RI, R2, R3; 41, 45, 43) "~ - - - -  

_ _  × exp t -  A 

+ RI (1 IE31 ~ 
k 

RxR2R3 
7c3A 

IEd2)N +RzZ( 1 lEvi 2 

2 
x exp -~-i7~ [R1R21E3I cos (41 -- 42 + ~3) 

+R2R3IEd cos ( 4 2 -  43+ ~0~) 

+ R3RIIE2[ cos (43-- 4~ + ~02)]} 

2 [R,R2 IE, E2[ cos(4 , -42-rp , -~oz)  x exp - 

and ~o is defined by (2.3). 
The reader can readily verify, by consulting the 

references cited if necessary, that (2.4) is a well behaved 
probability distribution in that it is (essentially) non- 
negative for all values of the variables R1,Rz, R3, 
4~,42,43 and parameters EI, E2,E3, and is suitably 
normalized. 

Suppose next that R~, R2, R3 are fixed non-negative 
numbers and that the vector k is a random variable 
which is now uniformly distributed over that region of 
reciprocal space for which 

IE-n3+kI=R~, IEkI=R2, ]Enl+uI-R3.  (2.7) 

Then the phases (Pk, (Phi +k, as functions of the primitive 
random variable k, are themselves random variables. 
Denote by P(42,431R1,R2,R3) the joint conditional 
probability distribution of the pair (Pk,(Pnl+k, given 
(2.7). Then P(42,431RI,R2,R3) is obtained from (2.4) 
by fixing R1, R2, R3, integrating with respect to 41 from 
0 to 2zc, and multiplying by a suitable normalizing 
constant. This integration has already been carried out 
in a different context [Hauptman, 1971, equation (6.6)]. 
Thus, correct to terms of order l/N, 

P(42, 43[R1, R2, R3) 

1 
_ ~ exp ~ R2R3IEll cos (42-- 43 + ~1) 

2 
R2R31E2E31 cos (42 -43 -~ -e3 )  } 

AN 

[. 2R1 
x I0 [-A-~i~- [R2IEal 2 + ea2[E212 

+ 2g,R31E2E3I cos (42- 43-~02- ~31]m}, (2.8) 

where I0 is the modified Bessel function, K is a normal- 
izing parameter to be determined, and R~,R2,R3 are 
fixed, preassigned, non-negative numbers. 

In order to evaluate K, one integrates (2.8) with 
respect to 42 and 43 between 0 and 2n and equates the 
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result to unity. To this end the sum of the two cosines 
in the exponent of (2.8) is replaced by a single cosine 
by means of the trigonometric identity 

where 

~A~ cos (~0+@)=Xcos (~0+~), (2.9) 
i=1 

X=(  ~. A~A s cos (@-es,,~a/2, (2.10) 
i,j 
1 

Xcos ~= ~ Ai cos ~i, (2.11) 
i=1 

Xsin ~= ~ Ai sin @. (2.12) 
i=1 

Also, with the use of the addition formula for Bessel 
functions (Watson, 1958, pp. 358, 361), (2.8) finally 
becomes simply 

P(c~2, ~alR~, R2, R3) 

[ 2R2R3X } 
-K~ 1 exp{ ~--~i/2--cos(q~2-~ba+{) 

x E I/Z \ --~iTg I. --~--N1/2 ] 
I.g=--gx3 

X COS/Z((~2 - -  1~3 - -  @2 - -  (/73), (2.13) 

where, from (2.10)-(2.12), 

[ 21E~E2Esl IE=E~I21 ,:2 
X= IE,[ 2 -  Nx/2 COS qg+ ~ -  ] - -  - ' 

x cos g= IE~[ cos ~0~ I&&l 
Nt/2 

(2.14) 

COS ( ~ 2 ~ - ~ 3 ) ,  (2.15) 

IE~E~I 
Xsin ~=IE, I sin qh+ --~-~-sin (~2-'{-~3) , (2.16) 

and ~0 is given by (2.3), so that X and ~ are independent 
of ~2 and ~0a. In view of 

= COS/Z({~52 - -  (~3 "3t- 0 COS/Z((/72 Or- ~0 3 or- ~)  

+sin/z(#2- # 3 + 0  sin #@2+~03+{), 
and the integral formulas (Watson, 1958) 

(2.17) 

2n exp (z cos ~o) cos/zqTd~o =I,(z) ,  

i 2,~ exp (z cos ~o)sin/z~od~o = O, 
0 

(2.18) 

(2.19) 

the integration of  (2.13) with respect to q~2 is readily per- 
formed: 

S2n 12n P(~2, ~3[R,, R2, R3)dqbzd qb3 
• 3=0 ~ 2 = 0  

~ ( ~ [2RxR2IE3[, ~ 2~ 2n ~ I , \  AN,/z ] 
- ,}~3=0 K u=-oo 

( 2R,RaIEd 2R2RaX 
AN1/2 ) I" ( ~N-i72 ] × 1. 

× cos/z(~02 + rp3 + ~)dq~3, (2.20) 

the integrand of which is independent of ~b3. The 
second integration is therefore immediate and leads to 
the desired expression for K, 

K-~4n 2 ~ I, AN,/z I ,  AN1/~ 
l l = - - o o  

(2.::) 
x I, ANt/2 COS/z(~z-l-(/93-3t-~) , (2.21) 

where X and ~ are given by (2.14)-(2.16). 
In order to exhibit the dependence of K on ~0 

explicitly, one first shows by mathematical induction 
on/Z, that 

,. , IE2Ed \/Z/2 
IExl exp tlfo)- N-q7 ~ ~ , 

exp {i/t(q72q-q73-F~)}= . . . . .  .- ,-  l E V I |  
IExl exp ( - z~ ) -  N~7~ / 

/z=0, + 1, + 2 . . . . .  (2.22) 

Then, from (2.22) and (2.14), 

cos/z(~Oz+ ~o3+{) =½ exp {i/z@2+~o3+g)} 

+ ½ exp { - i/z@z + ~oa + {)} 

1 {( IEzEzl)" 
- 2}'" IE, I exp (k0) NI/Z 

IE2E31 " 
+ (lEd exp ( - @ ) - N a n  ) }. (2.23) 

Substitution of (2.23) into (2.21) yields 

K"Zn2 Y~ X"  I, \ -AN,~2- ] I~, ANt~ z 

.... e : 3 !  " 
x / u (  ~ - - ~  ]{(  ]E,] exp (iq))- N m  ) 

( (::4> + ]Ex] exp(-i~0) N,/2 ! , 

an expression for K in which the dependence on ~0 is 
clear. 

Another expression for K, independent of X, is ob- 
tained by noting that I _ , = I ,  so that the cosine func- 
tion in (2.21) may be replaced by the exponential 
function and K becomes 
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K~47~ 2 ~ Iu AN1~2 Iu ' AN~/2 /A~ --co 

2R2R3X] 
x I . (  ~l-~qT~ ] 

× exp ! -  i~) 

\ lEvi exp (ie) 

IE2E31)/z12 
Ntl2 

IEzE31 
Ntl2 

(2.25) 

Finally, employing again the addition formula for 
Bessel Functions, and noting that I , ( - z ) = ( - 1 ) " I , ( z ) ,  

oo (2RIR2IRal) 
K-4rc2 E ( -1)"+vI .  ANI/2 

-~'L 

[2RtR#1E21~ [ 2R2RalEd 
X I u [ ANI/2 ,] I v ~ ~l~iTi ) 

x i.+, ( 2R2R31E2E31 ) AN cos v¢, (2.26) 

so that again the dependence of K on cos ¢ is clear. 

3. The conditional expected value of 
cos t (tpk + q)- hl-- k + 9-- h2 + tp_ ha), 

givenlE--ha+k[, levi, [Ehi+k 

In this section the conditional expected value of the 
cosine invariant cos t (¢k+¢-h i - -k+¢-h2+¢-h3)  is 
derived. Although only the special case t = 1 is import- 
ant in the applications, the analysis is carried out for 
arbitrary integral t in order to permit an estimate for 
the variance, which depends also on the case t = 2, to be 
obtained. The estimate for the variance is needed later 
(§6). 

The conditional expected value of the random vari- 
able cos t ( ek+¢-h~-k+¢-h2+¢-h3 ) ,  given (2.7), is 
found from (2.13) by means of 

e{cos t(¢k + ¢ - h l - k  + ¢-h2 + ¢-ha)IRt, R2,R3} =e 

1 I2n S2n 
- -  COS t(~2 -- ~3 -- ¢2 -- ¢3) 
K ~z=O a'3=o 

2R2R3X } 
x exp d----~t/~- cos ( ~ 2 -  qi3 + {) 

( 2RtR2IE3I ) ( 2R~RaIE2I ) 
x ~ I. ANt/2 I. AN1~ 2 iA~--oo 

x cos/z(~z-- ~3-- ¢2-- ¢a)d~2dq~3, (3.1) 

where X, ~ and K are given by (2.14)-(2.16) and (2.24)- 
(2.26). Proceeding as in §2, one finds 

112'~f2~'  {2R2R3X } e_~ exp A-----~I/T cos (~2 -- t~3) 3t- ~) 
- ~ -  ¢~2= 0 ¢~3=0 

x[cos (/z+t) (qO2-- ~3 -- ¢2-- ¢3) 

+cos (/z- t) ( ~ -  qh-¢~-  ¢3)]d~d~3, (3.2) 

g ~  m _  
2 ~ 2  oo 

Y~ 
g / . t~- -  oo 

1. (.2RtR2IE3I 2RIRaIE2I 
AN~/z )I~,( AN~/2 ) 

{ [ 2R2RaX 
x I .+,  k - ~ l / 2  -/ CON [(/z-~- t) (¢2-~-¢3-JF~)] 

2R2RaX ~ } 
+ I ._,  ~ 1 - ~  ] cos [ ( /z- t )  (¢2+¢3+~)] , (3.3) 

2 ~ 2  oo 

K g = - c o  

1. ( 2R1R21E31 ( 2R,RalE21 
AN,/2 ) I. k --~-~i7~ ) 
[ IE2E3I ] /z+t  

2R2RaX ~ . . . . . .  [Ed exp ( -  i¢) NX/2 [ 
x l.+t ~, ~ ] . .  IE2E3I 

I&l (i¢) 
/l 

exp NU2 

IE2E3I ] / z  + t 
lEd exp (i¢) ~-7~-  [ - ~ -  

+ I-E-~zEaI[ (3.4) 
IEll exp ( - i ¢ ) - - k ~ -  ] 

and finally 

F, 
e{cos t(¢k + ¢_ hi- k + ¢- h2 + ¢- ha)lR~, R2, R3} ~ F. ' 

(3.5) 
where 

F, = F,(IEII, IE21,1E31; R1,R2, R3"~ ¢) 

co { 2R,R2IE3I ) ( 2R1RdE2I ) 
=27~ 2 ~ I, k ANX/2- I. AN1/2 ]A~ --oo 

[ 2R2RaX x I,+, [I y ) 

1 { (  IEzE31)/Z+t 
x ~ IEll exp (i¢) NU z 

+ lEd exp ( -  i¢) N1/2 , (3.6) 

so that, from (2.24), 

K=Fo. (3.7) 

Again, as in the derivation of (2.26), F, may also be 
written 
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oo ( 2RIR21EaI__AN ~ ]] Ft=4n2 E (_l ) .+~+ffu  , 

[2R~R3IE21'~ 2R2RaIEd 

× I.+~+, (2R2RalE2E31 \ ~ ) cos v(o. (3.8) 

The conditional expected value of the cosine in- 
variant (3.5) has been derived from the conditional 
distribution (2.13) in the standard way. The analysis 
however is rather lengthy and not trivial. It would 
therefore be desirable, if possible, to bypass the distri- 
bution in order to arrive at the expected value. Al- 
though initial efforts to derive (3.5) in this way have 
not yet been successful, the derivation of (3.5) without 
using the distribution (2.13) would surely be a signif- 
icant contribution. 

4. Suitable sampling of reciprocal space leads to 
the first estimate for the cosine invariant, 

COS t (q)l + ~l)m "]- ~)n 21- q)p) 

Suppose that l ,m,n,p  are fixed reciprocal vectors 
which satisfy 

l + m + n + p = 0  (4.1) 

so that (Ol + (tim -1- (on -I- (OI~ is a structure invariant. Define 
reciprocal vectors h~, h2, h3 by means of 

h l = - l - m ,  h z = - n ,  h a = - p  (4.2) 

so that, in view of (4.1), 

hi + h2 + ha = 0 .  (4.3) 

Choose a sample of size two from reciprocal space by 
means of 

k = l ,  k = m .  (4.4) 
Then 

hi = - 1 -  m, h 2 = - -  n, h 3 = - -  p, 

- h 3 + k = l + p ,  k = l ,  h 1 + k = - m ;  

h i = - l - m ,  h2= - n ,  ha= - p ,  
- h 3 + k - - m + p ,  k - -m ,  h x + k =  - l  (4.5) 

for the respective members (4.4) of the sample and, in 
view of (3.5), one obtains an estimate for the expected 
value of cos t((ok-- (oh1 +k -- (O2-- (O3) by means of 

~{COS t((ok - -  (ohl + k  - -  (O2 - -  (O3)} = ½ COS t((ol 21- (ore 21- (on 21- (Op) 

+½ cos t((om + (Ol + (on + (Op) = C O S  t((o| + (om + (on + (tip) 

~ ( - ~ - )  (4.6) 
2 

where F~ is defined by (3.6) or (3.8). The average in 
(4.6), in view of (4.5), is taken over the two sets of 
values 

lEd = lEa + ml, IE21 = IE.I ,  IE31 = lEvi, 

Rt= IEI+pI,R2=IEd,R3 = [Em[, (O = (o,+m + (On + (Op; 

lEd = IE~ + ml, [E21 = IEnl, IEal = lEvi, R l =  ]Em+p], 

R2=IEmI,Ra=IE|I,(O=(Ol+m +(O. +(Op. (4.7) 

One obtains five other estimates for cos t((o~+(om 
+ (O, + (op) by choosing successively 

h l = - l - n ,  h 2 = - m ,  h a = - p ,  (4.8) 

with sample 
k = l ,  k = n ;  (4.9) 

h l = - l - p ,  h 2 = - m ,  h 3 = - n ,  (4.10) 

with sample 
k = l ,  k = p ;  (4.11) 

h l = - m - n ,  h 2 = - l ,  h a = - p  (4.12) 

with sample 
k = m ,  k = n ;  

h l = - m - p ,  h 2 = - l ,  h a = - n ,  

with sample 
k = m ,  k = p ;  

and finally 

h ~ = - n - p ,  h 2 = - l ,  h a = - m ,  

with sample 
k = n ,  k = p .  

(4.13) 

(4.14) 

(4.15) 

(4.16) 

(4.17) 

Averaging the six expressions like (4.6), one obtains an 
estimate, based on an overall sample of size twelve, for 
cos t((oa + (om "1- (on + (Op), 

/ Ft \ , (4.18) cos t((o,+(om+(on+(op)~ \Fo/ ,2  

in which F, is defined by (3.6) or (3.8) and the average 
in (4.18) is, in view of (4.5) and (4.8)-(4.17), taken over 
the twelve sets of values for IEII,IE21,1E31,R1,R2,Ra, 
(O = (or + (O2 + (O3, A and X defined by Table 1, (2.6) and 
(2.14). 

Table 1. The twelve sets of values over which the 
sums in (4.18), (5.5) and (6.1) are taken 

lEd IE21 IE31 RI R2 R3 ~o= qh + ~02+q~3 
1 IEl+ml IEnl IEpl IEl+pl lEd IEml ~01+m+O'n+q'p 
2 IE,+ml IEnl IEpl IEm+pl IEml IE.I qh+m +~'n +q'p 
3 IEl+nl IEml IEpl IEl+pl lEd IE, I ~'l+n +(0m+(0p 
4 IEI+nl IEml IEpl IEn+pl IEnl lEd ~01+n +~0m+~0p 
5 IE,+pl lEm[ IE.I IE,+nl lEd IEpl (O~+p +~0m+(O,, 
6 IEl+pl IEml IE.,I IEp+.l IEpl lEd (01+p +q'm+q'., 
7 IEm+,l IUll IEpl IEm+pl IEml IEol ~0m+.+(0, +(0p 
8 IEm+.l lUll Ifpl IE.+pl IEnl IEml ~0m+.+~0i +(0p 
9 IEm+pl lUll IE, I IEm+.l IEml IEpl q'm+p+O', +O'. 

10 IEm+pl lEd IE.I IEp+nl IEpl IEml ~0m+p+(01 +~0n 
11 IEn+pl IEiI IEml IE.+ml IE.I IE, I ~O.÷p+~01 +~0m 
12 lE.+pl lEd IEml IEa,+ml IEpl IE, I ~0.+p+~0, +~0m 
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5. The second estimates for the cosine invariant, 
cos t(qh n t- ¢Pm + q~ + q~p), dependent on magnitudes only 

Owing to the presence of the six unknown invariants 
CO on the right-hand side of (4.18), this equation is not 
useful as an estimate for cos t(COt +COm + CO'̀ + COp)" 
Employing the abbreviation 

T~(z) = I~(z) (5.1) 
lo(z) ' 

a more useful estimate is obtained by replacing cos vco 
and A by their expected values thus, 

C~= C~(IE~I, IE21, IE31)= e{cos vco} 
=e{cos v(COl +COz+CO3)}=e{exp (ico)} 

2IE~E2Esl 

2IE~E2E3[ 
+ T~ N,/z ( I [E_~ z) 

2IE1EzE3I ] 
+T~ NU2 ( 1_  /_~_~) (5.2) 

{ 21EIEzEsl ) 
"" T~ \ ~i-/~ , if N is large, (5.3) 

A =  A(IExI, IEzI, IE3I) 
1 

=e(A) = 1 ~- (IExl z + IEzl z + IE31 z) 

21E~EzE31 
+ N3/2 C1 • (5.4) 

Then, in view of (3.5)-(3.8), (4.18) is replaced by 

cos t(CO,+CO. +co,, +COp)- (D___~_~ (5.5) 
\ 1 - 1 o l  12 

in which the average is taken over the twelve sets of 
values of IEII,IE/I, IE3[; R1,R2,Rs defined by Table 1 
and 

at=Dt(lExl, lEzl, lE3[ ; RI, Rz, Ra) 
=4nz 2 yu+~i, 2R~R21E31 2R~R3IE2[ 

AN in Iu ~dN 1/2 ..... } 11~--oo  

2RzR3X 
× I. + t ( dNln ) (5.6) 

o r  

2RIR2[E3[ 
Dt=4rd ~ ( -  1)"+~+'I u ANal z "'L 

x I. (2R~R3IE2I 
AN I/z ) x / ~ (  AN 1'2 / 

2RzR3!EI! i 

x I.+~+t ( 
2RzR3IEzE3I 

) C~ (5.7) 
AN 

where C~ and AT are defined by (5.1)-(5.4) and, in view 
of (2.14), 

1 [IEIlCx_ IE2Eal Y= 

21E1E2E31 
£= lEd z -  N~/z C~ + IE2E312N ] 1/2 

(5.8) 

(5.9) 

In the applications which have been made so far, 
(5.6) and (5.7) have led to two values for (5.5) which 
however have been essentially identical, as was natu- 
rally anticipated. Equation (5.6) is a rapidly converging 
simple infinite sum whereas (5.7) is a double series. In 
the actual calculations it has been found that the time 
required to compute (5.6) is less, by about an order of 
magnitude, than the time required to calculate (5.7). 
For this reason (5.6) is to be preferred in the applica- 
tions. However, because of its greater symmetry, (5.7) 
may prove to be more useful in the further develop- 
ment of the theory. 

Although the sample on which the estimate for the 
cosine invariant (5.5) is based is rather small (size 
twelve), it appears to be adequate to yield reliable 
estimates for those cosines which are large and positive 
and, except for a still unexplained positive scaling 
parameter, for those cosines which are negative. The 
estimate is not reliable only when it falls in the middle 
range (0.0 to 0.7) and this fact appears to be a consequence 
of the rather large associated variance in this case (§§7 
and 8). 

6. The third estimates for cos t(q~l -[-~mAV~n-+-~p), 
using a weighted average 

Instead of (5.5) in which it has been assumed that all 
contributors to the sums have equal weights, one may 
employ 

Dt 
~ W t - -  
12 D o  

cos t(CO,+COm+CO'̀ +COp)--- ~ wt (6.1) 
12 

where Dt is again given by (5.6) or (5.7) and the weight 
wt is defined to be the reciprocal of the variance: 

Wt 
-- Vt(IEd, IE21,1E31; R .  R2,R3; co) 

= Var {cos t(cok + CO- hl- k + CO- h2 Af_ CO_ h3)} 

= t{cos z t(cok + co-hl-k ÷ CO--h2 ÷ CO-h3 )} 

-- [e{cos t(cok + co--hi- k + CO-hZ + CO- h3)}]Z 

_~ ½ + ½e{cos 2t(cok + co--hl--k ÷ CO--h2 ÷ CO- h3) } 

F~ Fz, F~ (6.2) 
F~ -~ ½+½ -~o F~ 

D2, D z (6.3) 
 ½+½ Do Do 
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so tha t  w ,  as g i v e n  by  (6.3) ,  d e p e n d s  o n l y  o n  1E1[ T a b l e  3 . 3 3  c o s i n e s  c a l c u l a t e d  to b e  n e g a t i v e  w i t h  

IE21,1E31, R ~ , R z ,  R ) .  A s  before ,  the  s u m s  in (6.1)  are 0 . 9 0 < B < 2 . 1 6  
o t a k e n  over  the  t w e l v e  sets o f  va lues  o f  IEll, [Ezl, 1031, ~.o ..... ,~, ,i.., ,~, ,v, ,~,~ ,n~,~ ,.~,~ . ~:"~*-~e. " - -  

• ( .~.~, )L(] .  61 C O I t - ¢ ! l ~  

R1, R1, R 3 def ined  by  T a b l e  1. 
101 3.O81 2.262 =.116 =.014 0.67* 0.282 0,922 2.051 -0.s070 -0.1620 -0.364= 

i ~ 5  z z 2  , 5 5  ; ? ~  o ~ o  1 5 3  ~ 2 7  
102 0.O87 2.170 =.136 =.077 O.385 0.=82 1.036 2.030 -G.6691 -0.23)2 --0.4219 

7 T h e  appf icat ions  ~2~ 11,1 ~ , ,  , o ~  lO,O ,~2 ,20, 
• 103 2,862 2.672 2,275 1.700 1.106 0.222 o.to4 2.O40 -0 .O497 - 0 . 2 ~  -0.6O91 

i 1 3  1 0 1  1 5 1  6 ~  7 9 6  ~ 5 4  5 ~ 5  

ident ica l  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  A n  idea l i z ed  s tructure  c o n s i s t i n g  o f  N = 2 9  ~ , ~  7 , ,  7 , ~  ,:1 ,,7 ,~, ~22o lOS 2,~54 2.014 1.591 I .  0 0,398 0.177 0,612 1.01] -0.9817 -0.1610 -0.6189 

p o i n t  a t o m s  in the  space  g r o u p  P 1  was  c o n s t r u c t e d  lo6 ~1, ,6~ ~ 1o,1,2 ~ . o  - ~  1,) 2.166 2.*08 1.64~ . o.a)s o4,166 0.13~ 1.113 -0.0190 -0.7502 -0.46o8 

n o r m a l i z e d  s tructure  factors  and  c o s i n e  invar iants  ,)1 7~ ,1~ ~ 2  0.,~'° ~6~ ~ 0 ,  and  107 2.20, 1.9,, 1.0,1 ,.7,, 0.112 0.2OO 0., -O.9072  -0.3687 -O.6185 
1 l l  i~10 i  522  10~  3 8 0  ~01  1 1 ~ [  

c a l c u l a t e d  as s h o w n  in T a b l e s  2 -4 .  T h e  s tructure  was  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
11 i  9 [ 0  ~ [1  IS=  l l i ~  293  52 i  

d e s i g n e d  to  s i m u l a t e  an  actua l  crystal  s tructure;  in . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  20~.)12 ~ . . . .  ~ 10,2 . , ,  , : ~  , , ,  ~ . . . . . . . . . . . . . . . . . . .  
2,)6~ 2.001 1.%S o.~ts . ) 0.)7~ t . n o  -0.s*61 - 0 . 0 9 O 8  -0.*~7~ th 11o part icu lar  it e x h i b i t e d  a great  deal  o f  over lap  in e ~.~ . . . . .  ~, , . . . . .  ~ ~ , ~  , , ,  

211 2,911 1.588 1.790 0.~92 0.O40 0.2=5 0.911 -0.7OO) -0.4865 -0.1950 

P a t t e r s o n  f u n c t i o n •  A s  before ,  l , m , n , p  sat isfy  112 ~.L: ~') ,6~ o1, ~,1o ~ , ,  , -  1.82= 1.761 I.~19 0.~ ~ 0.07~ 0.,0.13 O.~n +0.0169 -0.~861 +0.,232 

113 1.629 ).03~ 1.6O4 1.686 0.$~3 0.166 0.241 0.922 4.86,)0 ,-0 .&069 -0. '161 

l + m + n + p  0 ( 7 1 )  o51 , 1 , 1  ,,1 ,0~ 1 , , 2  ,~2 , 7 ,  
" * t l&  1.801 2.672 1.711 1.7OO 0.A16 0.223 0.)99 0.978 -0.9811 -0.41O4 -0.5747 

f 2 [  ~ i . ~  , 3 ~ )  1~o  7og  ~2  o62  

C o m p a r i s o n s  b e t w e e n  the  true va lues  o f  representa t ive  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ,1) , ~  , ~ ,  0 , ,  , , ,  , ~ .  ~6, 
116 2.31& 2,015 1.86~ 1,508 0.,68 0.111 0.216 0.904 -0.999) -0.1162 "-0.5,801 

s a m p l e s  o f  co s ines  and  t h o s e  c a l c u l a t e d  by  m e a n s  o f  11, ~ . . . .  ~ )~' 2~ , . ,  . . . .  ~ = .~1  2.=1~ t.6~ 1.~)) o. .~)  o . l n  0.203 0.976 -O.66)6 - 0 . t 1~  -O.2,)2 

(5 5) and  (5.6)  are s h o w n  in T a b l e s  2 - 4  and  the  errors ,,, , ~ ,  ~ , 1  ~ , ,  , , 0  ~ , .  , 1 ~  7 , ,  • 1.862 1.631 1.868 1.~17 0.120 0.121 0.511 0.916 -0.490~ -O.,109 -0.0716 

T a b l e  5 T h e  cos ines  ca l cu la ted  ~)o ~ . . . .  1 )"  ~ . . . . .  ~ ,,2 brief ly  s u m m a r i z e d  in . , . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
i2i g ] Z  ~) 10 i~  7 7 0  i i 2  9i~ 

to  b e m o s t  pos i t i ve  a r e i n  g o o d  a g r e e m e n t  w i t h t h e  true . . . . . . . . . . . . . . . . . . . . . . .  0~ , 9 [  , ) )  3o '~  ~i;: ,,2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  20~, 
h by  bl T h  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  va lues  as s o w n  Ta  es 2 a n d  5. ose  cos ines  121 ~ . . . .  ~ o o~ ~, . . . .  ~ . 2  ~ , ,  

12~ 1.976 2.2?5 1.873 1,611 0.~35 0.151 0.116 O.O4a -0.9898 -0.135~ - 0 . 5 ~  

c a l c u l a t e d  to  be negat ive  correc t ly  ident i fy  the  cos ines  12, '°~i 7 ~  1,0 ,~  . . . .  
0.190 1.=69 -0.9132 - 0 . * ~  -0.673~ 

w h i c h  are in fact  negat ive ,  b u t  T a b l e s  3 and  5 s h o w  that  12, 1 . . . . . .  , . . . .  ~ ,  ~ ~,: ,051 1.oo~ 2.116 1.~$9 1.~72 0.202 . 0.NIl 1.11~ -0.6019 -0.,OO3 -0.1,16 

125 3.03~ 2.89~ 1.011 1,604 0.530 0.01, 0.=,1 1.111 -O.990) - 0 .~12  -O.'913 
56 i ;  4 Y ]  ~ 2  = 6 I  I I i  7 1 ~  ~1=Y 

126 2.49) 2,077 1,726 1.727 0.390 0,866 0.248 1.O66 -0.9796 -0 .~91  -O.,TO3 

T a b l e  2 3 5  c o s i n e s  c a l c u l a t e d  to b e  m o s t  p o s i t i v e  ,7 1, . . . .  ,11 , ~  2, . . . . .  ~ • =.217 2.217 2.201 1.917 0.666 0.190 0.190 1.660 -O. 54O6 -0.M26 -0.0279 

( > 0 9 0 )  w i t h 2 0 0 < B < 2 1 0  , , 0  , ~ ,  7 , ~  , , ,  ~ . ,  ~ 6 ,  ~ , ,  • • ~ " 1~6 2.112 1.01] 1.81~ 2.001 0.=2) 0.13~ 0,049 1.O86 -0.*969 -0.5219 +0.030O 

129 2.~O8 2.)66 z. z* 1.565 o.~S) . 0  0.352 1.3o9 -0.O4~) -0.~507 -O.2936 
. . . . .  " " ~ " Z~  ~+~ I ~  ~ , ~ ( t i L ~ c ~ . ~ )  " . . . . .  , ~ . . . .  7 0 ,  ~ ~ 6  ' ' $ ~ , l  2 ~ lO 
m ~ b . r  I ~ l  I~-1 I I I~P;t i o z~ l  ItT+~l I t i+~ l  0 (s.516C5.6) c * ' t - c ° ' c  13o 2.76) 2.6~1 1.700 1.761 0.15~ 0.01,  0.64= 1.511 -0.6571 -O.57~, -o.0029 

1)1 3.o87 2.170 1.569 1.791 . . 0.258 1.272 -0.7950 -0.6025 -0 .19~  
5 5 =  ~ 6 ~  25~  1 1 6  715  [ J i  2 5 8  2 3 ~  9 I X  3 3 5  8 7 0  1 1 1 5  I 9 1  g 6 I  

1 3.034 2.761 2.162 1.61& 2.917 1,O87 2.213 2.OOO 0.9840 0.9451 +0.018Y 132 =.83O 2.166 2.OOl 2.132 0.3A9 0.176 0.37~ 2.158 -0.9853 -O.7376 -O.2,77 

~ 2  Y 1 5  3 ~ ' ;  ; ' 6 6  i ' 6 5 0  0?~  6 3 6  6 f o  9 I i  5 7 o  ~ 1 1  
2 2 .0~  2.917 2.~88 1.325 1.987 3.0)3 2.924 =.012 0.9820 0.9409 ~0.O411 ~33 12 ~ [ ~ 0 0 t g 1 2,626 2.566 2,152 1.9~7 0.179 0.133 01176 1,958 -O.g&4& -0.1937 -0.1709 

i 2 i  9 1 i  1 5 3  ~ i  01~  o 7 =  ~ l i t  
3 2.862 2.)66 2,073 1,916 1,603 3,053 2.$26 2.056 0.9981 0.9267 ~.06O4 

~ 5 2  9 8 [  9 ~  o i1  ~s t  6 Y o  5 1 1  
4 3 .0~  2.,58 2.176 1.802 2.201 2.626 2.279 =.018 0.1968 0.9266 -0.1298 

~ = i  ~11  2=3  o g ~  ~=o  1 )2  7~  
3 ,2.$62 2.~66 2.269 1.802 2.951 3.OO7 1.183 2.O89 0.787~. 0.9258 -O,1387 

, ,  . . . . . . .  ~ . . . . . .  , ,  ~,,0 l / a t  d in th i dd l e  g . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  T a b l e  4. 2 5  c o s i n e s  ca  cu e e m ran  e 
075  ~6~  i2o 1 1 6  ~ g  [ ~ 5  3 g ~  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ~ , ,  ~ , ~  ) 0 ~  7 , )  ~ , =  ) ) ~  ) , 7  ( 0 . 0 0  to  + 0 . 7 0 )  w i t h  2 . 0 0 < B < 2 - 1 0  
8 2.93O 2.6O6 2.132 2.02= 1.810 3.03~ 2.019 2.O66 0,8520 0.921~ -O.0694 

9 3.0) '  2.917 2.170 1 .5~  1.967 2,242 2.5~7 2.0)7 0.8117 .0.9202 -0.0~81 ~ r  I - t l  I~ol I[~l I ~ l  I~i~1 l e i ~ l  I t i ~ l  o ().516(5,61 ¢ ° ' t ~ ° ' c  

o? t  I f 3 ,  660 t o l  ~2  6 5 I  " ~ l  
lO 3.063 2.$30 2.262 1.520 1.758 2,016 3.109 2.061 0.9027 0.9195 +0.0611 

2 3 ,  o r 3  3o~  ,.~,~^21 ) ~21  )=~  i ] 19  oY~  3 ~  ~ ,=  6 ? 6  3 iT t  ~o  6 0 2  
11 2.030 2.216 2.152 . 2.0=0 1.03~ 1.82, 2.013 0.7481 0.9108 -0.1707 201 3.053 2.688 2.176 1.777 0.962 0.852 2.070 2.026 0.97?7 0.69~6 +0.=O41 

12 2.917 2.176 2.170 2.159 2.0)0 2.547 1 ,~1  2.051 0.9332 0.9185 +0.0367 202 ).OS) 2.3O3 2,140 1,973 1,319 1,113 0.915 2.O48 0.5872 0.6934 -0,1062 

O~ i  5~2  51g  ~96  ~1"~0 595  ~2~  J~=  98~  1 "12  865  §51  t ~ 6  3 ~ I  
0.053 3.014 2.158 1.691 1,989 2,509 2,162 2.0)6 0.9902 0.9176 ~.0726 203 3.0~6 2,650 2.270 1,802 2,2O1 0,673 0,879 2,011 -0.9~66 0.6916 -1.666= 

OYi ~'~ 6 6 0  0 1 6  ~ ) &  6 3 2  0 8 6  ~ 2  9 1 2  5 ~ I  1 6 t  6 ;6  8 3 1  | 3 [  
1, 3.O$3 2.763 2.=62 1,172 2.926 2.015- 1,795 2,011 0.9027 0,926O ~3,0~19 206 3.0~& 2,911 2.023 1,690 2 .7~  ~.~29 0,975 2 .~8  0.~?03 0 .(~92 ~0.2691 

50' ~ 0  1 1 2  3 0 &  & i 6  ~ 6 6  = = 2  OY~ I 2 0  g g ~  7 6 3  I 5 ~  9 2 5  2 ~ X  
/~ 2.830 2,262 =.170 2.152 1.$$9 2.Z$9 0 .0~ 2.O42 O*9862 0.9156 +0.O686 20) =.OO] 2,217 2.160 2,016 ),O8? 1,113 0.5~0 2.0L~ 0.9990 0.6873 44).309? 

5 ~ 7  & O I  9 ~  22~  i Y 6 6  6 ~ )  ~ )  f 1 5  ) , 5  ~ [ ~  3 ~ 7  ~ 5 3  E O ~  | ~ s  
16 2.6~2 2.6~a 2.176 2.1~2 2.))5 1 .9~ =.171 2,o80 0.9630 0.9116 +0.o256 =o6 2.917 =.275 2.2?o 2.o=9 2,5~0 z . ~ 7  o,=69 2 .0~  o.26?2 0.6o~ --0. ,1~ 

~o6  , 6 ,  $o~  1 ~ 6  ~7o  0 = ~  [ ~1o  72~  6Yo 7 I )  g lO I  I g 5  o51  ~ 1 1 1  
17 2.810 =.765 2.112 1.723 2.6=6 3.O36 1.137 2.OO3 0.8132 0,9164 -0.2012 2O7 =.917 2.626 =.015 1,934 1,606 0.9O6 XoX]O 2,O58 0 .~$  O .68O7  +0.31~B 

=8 ).O87 2,303 2.217 1,o48 1.6=6 ].053 2,181 =.001 0,9016 0.9113 +0.0183 2O4 3 .0~  . 2.1~2 1,802 . 2 o.oo) 1.011 o.O?l 0.1L669 o.675] +0.x~o4 

~ 2  5 6 6  2 5 ~  62~  &16  i ~  t ~o  £2 i  ~ I 1  ~13  3~ t  5~o  ~52  ~91  
19 ].o36 2.688 2.162 1.o71 1.276 3.oo7 2.217 2.o86 o.9766 0.911) 4<).0629 2O9 =.06= 2.658 =.014 1.022 1.16~ 2.O92 0*$39 2.866 0.$12O O.6533 -0.1009 

~2  71~  9~£ 171 ~to 6~1  ~63 T I~  I 2 I  321 312 1 3 ]  ~3~ ; I O  
20 3,O34 2.917 2.101 1.12' 1.987 2*458 1.976 2.O47 0.9673 0,9111 +0.O]6O 210 2.917 • 2,862 2*02) 1,742 O*06? 0,778 2*242 2,029 0 .~$  0,6504 ~0.2101 

X '010  1~1  23 '~  723  ~ z t  ~o l  5 0 1  ~3o ) i i  I i o  111 ,  ~ I I  i'4" I o 1 8 4  
71 =.951 2.862 2.~OO 1.220 2.$66 2.$47 1.4OO 2.011 0.~909 0.9111 +0.O870 211 2.911 2.688 2.262 1.971 1.400 0.619 1.358 2.010 0.~990 0 .6~  -0.2334 

22 2.862 =.62b =.070 1.887 1.646 2.023 3.053 2.02) 0.9713 0.9084 +0.06=9 212 2,951 2.33) 2.165 2.000 0.~49 1.603 0,883 2,037 0.0611 0.6223 -O.$612 
[61o 1o~I liO I = i  o[1 ilo ~ 6 [  t)6 6 ? O  113 ,1) 6;, 16I ~6s 

=3 2.951 Z.,56 2.217 1,864 1.801 1.876 2,672 2.06~ 0.6137 0.9078 -0.0961 =~  2,800 =.626 2.001 11937 2.963 0,176 1.259 2.OO? 0.~056 0.61~6 "('O.2899 

i ~2  l l g l  ~3~  &86  " lOC I  557  736  i 21  X--k" 6 [ 621  61"~1  ~8~  360  3~0  
2~ ).O87 2.672 2,116 1.602 2.2~0 1.799 2*207 2.O46 0.8110 0.9077 -O.O)S9 214 2.862 2.672 2.O30 = .9~  1.676 1,766 O.23O 2.86= -0.2381 0.$963 -0.81~4 

~ 6 7 0  g � I  6 9 1  2 ~  1"01= 3 0~1  236 9 [ I  = 3 =  E ~ g  7 2 3  i 8 7  ~ 
2~ 1.762 2.626 2.160 1.936 2.830 1.9O6 1.663 2.076 0.9987 0.9071 +0.091b 216 =,63O 2.)66 2.073 1.999 1.2=0 0.298 2.$25 2.07S O.930? 0.5945 +0.3)62 

26 2.765 2.241 2.176 2.119 2.$47 2,152 1.658 2.OO~ 0.9809 0.9O70 +0*07)9 216 =*$30 2*566 =.242 .7 2,220 3,)O9 0.136 2*020 0.9187 0.$413 +0.)776 

i2£ ~1) 1~2  711  §=2  1tl 633 OY5 1191 18~ T53 11 X-~ [ Xll Y~I 
27 2.862 2.316 2.161 2.108 2.09= 2*06= 1.636 2.O86 0.69=6 0.9070 -0.0116 217 3.05) 2*672 2.181 1.654 1.011 0.681 1.332 2.032 0.2667 0.S110 --0.=643 

~J2  2~6  9 3 I  z~3  ~ 0 6  6 8 1  Y2 ]  ~ = o  7 1 2  5 ~ I  8 o I  ~22  ~.0161 ~ 3 i  
28 3.016 2.63O 2.201 1.$40 2,152 2.668 1,720 2.OO7 0.9976 0.9O68 +0.O9O8 =18 2.911 2,917 2.023 1,733 ).166 . 0,773 2,081 -0.9216 O.$302 -1.6316 

~ 2  $1~ ~91 , ? )  211 §61 11"~7 2 3 6  ~70 2 5 ~  lO?~ I106 I O l  6 ~ 3  
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Table 5. Average error and average magnitude of  the 
error in calculated cosines taken from Tables 2--4 

Average Average magnitude Number of 
error, of the error, contributors 

(A cos) (IA cosl) to the average 
From Table 2 +0-0129 0.0661 35 
From Table 3 -0.3620 0-3894 33 
From Table 4 -0.2982 0.5271 25 

quantitative agreement is poor. Nevertheless, because 
the estimates tend to be consistently too large, i.e. not 
sufficiently negative, it is clear that rescaling the cal- 
culated values by an empirically determined numerical 
factor will bring the calculated values of these cosines 
into acceptable agreement with the true values. It is 
conjectured that the bias shown by Table 3 arises from 
the excessive overlap in the Patterson function which 
causes a larger number of extremely negative cosines to 
occur than predicted by the theory (which assumes no 
Patterson overlap). A measure of the degree of Patter- 
son overlap is given by comparison of the values of the 
two parameters, 

((IEkl2-1)2)k___ 1.3, ((IEkl2 -- 1)3)~,___ 4.6, (7.2) 

with the theoretical values of 1 and 2 respectively when 
no overlap is present (Hauptman, 1964). Finally, 
Tables 4 and 5 show that those cosines calculated to be 
in the middle range (0.00 to +0.70) are in poor agree- 
ment with the true values, and it is not clear that the 
initially calculated values can be brought into accep- 
table agreement with the true values in any simple way. 
The poor agreement between calculated and true 
values for these cosines is undoubtedly a consequence, 
at least in part, of the relatively large associated vari- 
ance. 

8. Concluding remarks 

In this paper the probabilistic theory of the cosine in- 
variants cos (Ol + Om + 0n + ~p) has been initiated. The 
theory leads to estimates for these cosines in terms of 
the seven magnitudes IEl[, IEml, lfn[, IEpl, If~ + ml,fll +,l, 
IE~+pl. On the basis of preliminary calculations it 
appears that the cosines calculated to be most positive 
serve effectively to identify those cosines which are in 
fact most positive, those calculated to be negative 
effectively identify the cosines which are in fact nega- 
tive, but those calculated to be in the middle range 

(0.00 to 0.70) are not reliable indicators of the true 
values. 

Further developments along the following lines are 
suggested: Derive improved distributions which take 
into account higher-order terms in 1/N and whatever 
overlap in the Patterson may be present. Derive con- 
ditional distributions of two phases from joint proba- 
bility distributions of four or more structure factors in 
order to obtain estimates of the cosines dependent on 
more than seven magnitudes. It is anticipated that more 
accurate distributions, dependent as well on many 
magnitudes, will surely lead to improved estimates for 
the cosine invariants. 

Most of the work described in the present paper was 
done while the author held a two-month NATO 
Senior Fellowship Award in Italy under the auspices 
of the Consiglio Nazionale delle Ricerche, March- 
May, 1973. The author is indebted to Drs Paolo 
Gallitelli and Lodovico Riva di Sanseverino for making 
this fellowship possible. Finally, grateful acknowledge- 
ment is made to Dr David Langs for discussions and 
suggestions concerned with the calculation of the cosine 
invariants and for his work in performing the calcula- 
tions summarized in the Tables. 
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